We study the effect of nanoscale precipitates on lattice thermal conduction in thermoelectric PbTe using a combination of ab-initio phonon calculations and molecular dynamics. We take into account the effects of mass differences and changes in force constants, and find an enhanced influence of the latter with increased precipitate concentration. As a consequence, our inclusion of the changes in force constants in the calculation affords a smaller predicted optimal nano-precipitate size that minimizes the thermal conductivity. These results suggest that the phonon scattering by nanoprecipitates in thermoelectric composites could be stronger than previously thought.
B. Boltzmann transport framework and ab-initio phonon calculation
Under the relaxation-time approximation (RTA), 41, 42 the lattice thermal conductivity can be written as
where the sum runs over all phonon bands, the integral extends over the whole first Brillouin zone, υ iq is the group velocity of a given phonon mode, τ iq is its relaxation time, and c iq its contribution to the volumetric heat capacity. The total relaxation time can be approximated by a Matthiessen sum of the anharmonic (τ a ), boundary (τ b ), and nanoparticle (τ np ) contributions,
The three-phonon anharmonic term τ a is calculated using the model proposed by Slack et al.
Here, the p parameter is fitted to the bulk thermal conductivity of pristine PbTe computed by molecular dynamics. The Debye temperature (θ D ) is obtained from the second moment of the distribution of phonon frequencies:
where n is the number of atoms per unit cell, g(ω) denotes the phonon density of states, k B is the Boltzmann constant.
The boundary scattering term 46 is estimated as the group velocity divided by the simulation box length L times a form factor F .
Like p above, F is fitted to molecular dynamics data using the least-squares method at a given initial value.
The nanoprecipitate term τ np is obtained by using a Mathiessen interpolation between the long (Rayleigh) and short (geometric) wavelength scattering regimes: Number density of nanoscale precipitates
where V ρ is the number density of nanoparticles, υ g is the phonon group velocity, σ s is the scattering cross section in the short-wavelength limit, and σ l is the cross section in the long-wavelength limit,
where D is the particle diameter, ρ is the mass density of the medium and ∆ρ is the mass density difference between the particle and matrix materials, K is the host force constant and ∆K is the force-constants difference between the particle and matrix materials, where they are replaced by elastic constants.
49,50
We obtain the phonon spectrum of PbTe using a supercell-based method as implemented in the Phonopy package, 51 with the Vienna Ab initio Simulation Package (VASP) 52, 53 as the density functional theory backend for computing energies and forces. We start by computing the lattice parameter that minimizes the energy of the crystal by means of a single-unit-cell calculation on a 16x16x16 Monkhorst-Pack k-point. Our result, 0.6546 nm, is in good agreement with the experimental value of 0.6462 nm. 54, 55 We then obtain the forces on a minimal set of displaced configurations of a 4 × 4 × 4 supercell, as well as the high-frequencylimit dielectric tensor and a set of Born effective charges. With these ingredients we compute the harmonic interatomic force constants of the system and its phonon dispersions on a 32x32x32 q-point grid. The integral in Eq. (2) is then calculated using a histogram method and its convergence evaluated by comparison with a coarser grid.
By way of example, Table I lists all the values of the parameters used in this work and involved in the thermal conductivity calculation for PbTe with a Pb precipitate with a size of 1.0 nm after checked the significant digits with Refs.
10,24
III. RESULTS AND DISCUSSION
Using molecular dynamics simulations, we compute the thermal conductivity of both pristine PbTe and PbTe with Pb precipitates at increasing temperatures. The results are represented by the symbols in Fig. 2 . It can be seen that our κ values for pristine PbTe are lower than experiment. 56 Possible causes of this discrepancy include the choice of interatomic potential or the nanometer-sized boundaries of the samples.
57
We use the molecular-dynamics results for pristine PbTe to fit the parameters in Eqs. (4) and (6), which are then applied to the numerical fit to the MD-simulated κ of the PbTe sample containing Pb precipitates. We note that the main difference between "Mass only"
and "Mass and force constants" fits is that in the latter case we use the complete form of Eqs. (9), whereas in the former we only include the first term, as it is often done in previous works, e.g. Refs. 10,23-25 As Fig. 2 shows, the thermal conductivity is overestimated if the force-constant difference is not included.
To see in what situations does the contribution from the force-constant difference become important, we compute the room-temperature thermal conductivity ratio κ/κ p of PbTe samples containing Pb precipitates with increasing number density ρ n [ Fig. 3 ], using the sample numerical procedures as those for obtaining the curves shown in Fig. 2 . It can be seen that the contribution from the force-constant difference becomes more important when the number density of nano-precipitate increases and the contribution to phonon scattering from precipitates becomes more relevant. The reason is that nanoprecipitate phonon scattering gets gradually enhanced with increasing number density, its contribution to the total phonon scattering therefore becomes more important.
In Fig. 4 (a) it can also be seen how the force-constant difference becomes less important for large nano-precipitates. This second phenomenon can be understood by looking at Eq.
(8), which interpolates between the short-and long-wavelength limits. With increasing size (D), the contribution of the short-wavelength term becomes more important. To illustrate a real experimental condition, we plot κ/κ p as a function of D for a given nano-precipitate volume fraction in Fig. 4(b) . Note that the inclusion of force-constant differences shifts the optimal size to smaller values since the estimate of phonon scattering by small-size nano-precipitates becomes higher.
Finally, using ab-initio calculation, we computed the contribution to the total relaxation 
IV. SUMMARY
In summary, we computed the thermal conductivity of PbTe composites with nanometersized Pb precipitates using non-equilibrium molecular dynamics and the relaxation time approximation to the Boltzmann transport equation, including both the mass and forceconstant differences. We find that the contribution to phonon scattering by the forceconstant difference becomes important when the nano-precipitate number density increases. This contribution however diminishes with increasing precipitate size at a given number density. Fixing the volume concentration of the nanoprecipitates, we find that the optimal size that minimizes the composite thermal conductivity is reduced when both the mass and force-constant differences are considered. Detailed phonon analysis shows that the thermal conductivity reduction by nanoprecipitates originates in the enhanced phononphonon scattering in the low and medium-frequency ranges. These results suggest that previous approximations 10, 19, 20, [23] [24] [25] could overestimate the mass-difference phonon scattering by nanoprecipitates in thermoelectric composites.
